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Abstract
We prove exact and approximate controllability for a linear age-dependent and spa-
tially structured population dynamics problem. The birth process is nonlocal, and the
demographic functions depends on age, time, and space. Our method relies on the
derivation of a Carleman inequality for the backward nonlocal adjoint system.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
We consider a linear model describing the dynamics of a single species
population with age dependence and spatial structure. Let p(a, t, x) be the
distribution of individuals of age a  0 at time t  0 and location x ∈ Ω , a
bounded domain of RN , N ∈ {1,2,3}, with a suitably smooth boundary ∂Ω .
Let a† be the life expectancy of an individual and T be a positive constant. Let
β(a, t, x) 0 be the natural fertility-rate and µ(a, t, x) 0 the natural death-rate
of individuals of age a at time t  0 and location x ∈ Ω . Under inhospitable
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boundary conditions, the evolution of the distribution p is governed by the
system

Dp(a, t, x)+µ(a, t, x)p(a, t, x)− k∆p(a, t, x)
=m(x)u(a, t, x), (a, t, x)∈Qa†,
p(a, t, x)= 0, (a, t, x) ∈Σa†,
p(0, t, x)= ∫ a†0 β(a, t, x)p(a, t, x) da, (t, x) ∈ (0, T )×Ω,
p(a,0, x)= p0(a, x), (a, x) ∈ (0, a†)×Ω,
(1)
where u is a control function, m is the characteristic function of ω, and p0 is
the initial distribution of individuals. Here ω ⊂ Ω is a nonempty open subset,
Qa† = (0, a†)× (0, T )×Ω , Σa† = (0, a†)× (0, T )× ∂Ω .
Here we set
Dp(a, t, x)= lim
ε→0
p(a + ε, t + ε, x)− p(a, t, x)
ε
the directional derivative of p with respect to direction (1,1,0). For smooth
enough p, it is obvious that
Dp = ∂p
∂t
+ ∂p
∂a
.
In this paper we are interested in both approximate and exact controllability
problems. Given a fixed T > 0, our first question is: Let pT be a given age-
and space-dependent distribution of individuals, can the solution to (1) be steered
approximately to pT upon selecting a suitable control u corresponding to an
external supply (emigration) or to a removal (eradication) of individuals on the
subdomain ω.
The second question we deal with in this paper concerns the zero-exact
controllability of (1): Can we find a control u such that the solution of (1) satisfies
p(a,T , x)= 0 a.e. (a, x) ∈ (0, a†)×Ω.
Our problem is in some sense very closely related to the one found when
dealing with the heat equation. System (1) can be viewed as a heat equation
along the characteristic lines a − t = c, with memory. Let us recall that the null
controllability for the linear heat equation was first established by Russel [10],
assuming additional artificial conditions. This result was improved by Lebeau and
Robbiano in [9], where these artificial conditions were removed. The most general
case with nonconstant coefficients was proved by Fursikov and Imanuvilov [5]
using Carleman inequalities and duality arguments.
The problem of approximate controllability for the age and space population
dynamics structured model (1) was first examined in [1]; there, it is proved that
a set of profiles is approximately reached. In [2] the approximate controllability
result is established in the case of birth and death age-dependent models. The
method used there cannot be extended to more general birth and death processes.
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The zero exact controllability for the Lotka–McKendrick model (1) with k = 0
was partially established in [4], when T > a†. This means that any initial
condition can be steered into any quasi-steady state by an internal age distributed
control, except for a small interval of ages near zero.
The biological meaning of the solutions to (1) requires the population density
p(a, t, x) be nonnegative for all times; this cannot be expected for any choice of
the control u. In [3] a local exact controllability result is proved assuming that
the birth function has a compact support in (0, a†), and the solution satisfies the
natural condition p(a, t, x) 0.
The paper is organized as follows. We first give the hypotheses and state
our main results. The proof of the approximate controllability result is given in
Section 5. The proof of the null exact controllability is given in Section 6. The
proof of the observability inequality is given in Section 4, and the key of this
paper, the Carleman’s inequality for the backward adjoint population dynamics
problem is given in Section 3.
2. Assumptions and the main results
Assume that the following hypotheses hold:
(A1)
{
β ∈L∞+ ((0, a†)× (0, T )×Ω),
∃A ∈ (0, a†) s.t. β(a, · , ·)= 0 for a ∈ (A,a†),
(A2) µ ∈L∞loc([0, a†);L∞((0, T )×Ω)), µ 0 a.e. in Qa†,
(A3)
{
lima→a†
∫ t
0 µ(a− s, t − s, x) ds =+∞ a.e. in (0, a†)×Ω,
lima→a†
∫ a
0 µ(a − s, t − s, x) ds =+∞ a.e. in (a†, T )×Ω,
(A4) p0 ∈L∞((0, a†)×Ω), p0  0 a.e. in (0, a†)×Ω.
For the biological significance of the hypotheses and the basic existence results
for the solution to (1) we refer to [6–8,11]. The first result of this paper concerns
the approximate controllability of (1); it can be stated as follows:
Theorem 2.1. Let us fix T > 0. For each pT ∈ L2((0,A) × Ω) and for each
ε > 0, there exists a control u ∈ L2((0,A)× (0, T )× ω) such that ‖p(· , T , ·)−
pT (· , ·)‖L2((0,A)×Ω)  ε.
Our second result is stated as follows:
Theorem 2.2. System (1) is exactly null controllable at each time T , but on a
small age interval near 0. That is, for each δ arbitrary small in (0,A), for each
T > 0, there exists u ∈ L2((0,A)× (0, T )× ω) such that p(a,T , x)= 0 a.e. in
(δ,A)×Ω .
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The proof of the approximate controllability result is based on a unique
continuation result for the adjoint population dynamics system.
Let us denote by w the adjoint state variable. Then, w is a solution to (see [1]
for details)

Dw(a, t, x)−µ(a, t, x)w(a, t, x)+ k∆w(a, t, x)
=−β(a, t, x)w(0, t, x), (a, t, x) ∈Q,
w(a, t, x)= 0, (a, t, x)∈Σ,
w(A, t, x)= 0, (t, x) ∈ (0, T )×Ω,
w(a,T , x)= g(a, x), (a, x) ∈ (0,A)×Ω;
(2)
herein we use the following notations:
Q= (0,A)× (0, T )×Ω, Qω = (0,A)× (0, T )×ω,
Σ = (0,A)× (0, T )× ∂Ω.
The unique continuation result is a direct consequence of the following
Carleman inequality:
Lemma 2.1. There exists positive constants C1 and s1 such that
1
s
∫
Q
at(T − t)e2sα(|wt +wa|2 + |∆w|2)dx dt da
+ s
∫
Q
e2sα
at (T − t) |∇w|
2 dx dt da + s3
∫
Q
e2sα
a3t3(T − t)3 |w|
2 dx dt da
C1s3
∫
Qω
e2sα
a3t3(T − t)3 |w|
2 dx dt da, (3)
for all w solution to (2) and all s  s1.
The proof of the exact controllability result is based on the following
observability inequality for the adjoint population dynamics system.
Proposition 2.1. Let µ and β satisfy (A1)–(A3). Then, for all T > 0 and δ > 0,
there exists a positive constant C independent of µ and β , such that
A∫
0
∫
Ω
w2(a,0, x) dx da
C
∫
Ω
δ∫
0
w(a,T , x)2 dx da + C
A∫
0
T∫
0
∫
ω
w2(a, t, x) dx dt da. (4)
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3. Proof of the Carleman inequality for the backward population dynamics
operator
Let us introduce an auxiliary function ψ whose existence is guaranteed by a
result due to Fursikov and Imanuvilov [5]. Let ω˜ ⊂⊂ ω be a nonempty bounded
set, T ∈ (0,+∞) and ψ ∈ C2(Ω) be such that
ψ(x) > 0, ∀x ∈Ω,
ψ(x)= 0, ∀x ∈ ∂Ω,∣∣∇ψ(x)∣∣> 0, ∀x ∈Ω\ω˜. (5)
Let
α(a, t, x)= e
λψ(x)− e2λ‖ψ‖C(Ω)
at (T − t) , ϕ(a, t, x)=
eλψ(x)
at (T − t) ,
where λ is an appropriate positive constant.
Set v = esαw, where s and λ are positive parameters that will be made more
precise later on. Then v satisfies the equation

vt + va + k∆v − 2ksλϕ∇ψ · ∇v
+ (kλ2s2ϕ2|∇ψ|2 − kλ2sϕ|∇ψ|2 − sαt − sαa − kλsϕ∆ψ)v
= µ(a, t, x)v, in Q,
v(a, t, x)= 0, in Σ,
v(a,0, x)= v(a,T , x)= 0, in (0,A)×Ω,
v(0, t, x)= v(A, t, x)= 0, in (0, T )×Ω.
(6)
Set
fs = ksλϕv∆ψ +µ(a, t, x)v+ ksλ2ϕv|∇ψ|2,
L1v = k∆v + ks2λ2ϕ2|∇ψ|2v − sαt v − sαav,
L2v = vt + va − 2ksλϕ∇ψ · ∇v,
‖fs‖2 = ‖L1v‖2 + ‖L2v‖2 + 2(L1v,L2v). (7)
The inner product in (7) yields
(L1v,L2v)= k
∫
Q
∆vvt − 2k2sλ
∫
Q
ϕ∆v∇ψ · ∇v + ks2λ2
∫
Q
ϕ2|∇ψ|2vvt
− 2k2s3λ3
∫
Q
ϕ3|∇ψ|2∇ψ · ∇vv − s
∫
Q
αtvvt
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+ 2ks2λ
∫
Q
ϕαt∇ψ · ∇vv − s
∫
Q
αtvva − s
∫
Q
αavvt
+ 2ks2λ
∫
Q
ϕαa∇ψ · ∇vv − s
∫
Q
αavva + k
∫
Q
∆vva
+ ks2λ2
∫
Q
ϕ2|∇ψ|2vva. (8)
Let us compute
∫
Q
∆vvτ , τ = a, t . Integrating by parts over Q, one gets∫
Q
∆vvτ =−
∫
Q
∇v · ∇vτ +
∫
Σ
∂v
∂ν
vτ
=−1
2
∫
Q
d
dτ
|∇v|2 +
∫
Σ
∂v
∂ν
vτ = 0, (9)
where ν is the outward normal to Ω . Since v = ψ = 0 on ∂Ω and ψ  0 in Ω ,
one has
(L1v,L2v)=−k2sλ
∫
Σ
ϕ|∂v
∂ν
|2 ∂ψ
∂ν
− k2sλ2
∫
Q
ϕ|∇ψ|2|∇v|2
− k2sλ
∫
Q
ϕ∆ψ|∇v|2 + 2k2sλ2
∫
Q
ϕ|∇ψ · ∇v|2
+ 2k2sλ
∫
Q
ϕ
∑
i,j=1,N
∂2ψ
∂xi∂xj
∂v
∂xi
∂v
∂xj
− 2ks2λ2
∫
Q
ϕϕt |∇ψ|2v2 + 3k2s3λ4
∫
Q
ϕ3|∇ψ|4v2
+ k2s3λ3
∫
Q
ϕ3
(∇ · (|∇ψ|2∇ψ))v2 + s
2
∫
Q
αttv
2
− ks2λ2
∫
Q
ϕαt |∇ψ|2v2 − ks2λ
∫
Q
ϕαt∆ψv
2 + s
2
∫
Q
αtav
2
− 2ks2λ2
∫
Q
ϕaϕ|∇ψ|2v2 + s2
∫
Q
αaav
2
− ks2λ2
∫
Q
ϕαa |∇ψ|2v2 − ks2λ
∫
Q
ϕαa∆ψv
2. (10)
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From the definitions of ϕ and α, the following inequalities hold:
‖ϕt‖ Cϕ2, ‖ϕa‖ Cϕ2, ‖αt‖ Cϕ2, ‖αtt‖ Cϕ3,
‖αa‖ Cϕ2, ‖αat‖ Cϕ2, ‖αaa‖ Cϕ3, (11)
where C does not depend on s, λ, a, t, x . Hence, for s and λ sufficiently large one
can find a constant (still denoted) C such that
(L1v,L2v)=X1 + 3k2s3λ4
∫
Q
ϕ3|∇ψ|4v2 + 2k2sλ2
∫
Q
ϕ|∇ψ · ∇v|2
− k2sλ2
∫
Q
ϕ|∇ψ|2|∇v|2, (12)
where
X1  C
{
sλ
∫
Q
ϕ|∇v|2 + s3λ3
∫
Q
ϕ3v2
}
. (13)
Now, let us multiply the first equation in (6) by λ2sϕv|∇ψ|2, and integrate
over Q. One finds
sλ2
∫
Q
fsϕv|∇ψ|2 = sλ2
∫
Q
ϕv|∇ψ|2L2v + ksλ2
∫
Q
ϕv∆v|∇ψ|2
+ ks3λ4
∫
Q
ϕ3|∇ψ|4v2 − s2λ2
∫
Q
ϕαt |∇ψ|2v2
− s2λ2
∫
Q
ϕαa |∇ψ|2v2. (14)
Thus,
s3λ4
∫
Q
ϕ3|∇ψ|4v2 = sλ2
∫
Q
ϕ|∇v|2|∇ψ|2 +X2, (15)
where
X2 
1
16
‖L2v‖2 +Cs2λ4
∫
Q
ϕ3v2 + 1
16
‖fs‖2, (16)
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for λ and s sufficiently large. Substituting this in (12), one gets
(L1v,L2v)=X1 + 2X2 + k2s3λ4
∫
Q
ϕ3|∇ψ|4v2
+ 2ksλ2
∫
Q
ϕ|∇ψ · ∇v|2 + sλ2
∫
Q
ϕ|∇ψ|2|∇v|2. (17)
Substituting into (7) and recalling that |∇ψ(x)| > 0 in Ω \ ω˜, it follows that
for s and λ large∫
Q
(
s3λ4ϕ3v2 + sλ2ϕ|∇v|2)dx dt da
C
∫
Qω˜
(
(s2λ4 + s3λ3)ϕ3v2 + sλϕ|∇v|2)dx dt da, (18)
where Qω˜ = (0,A)× (0, T ) × ω˜. In this inequality one wants to eliminate the
gradient of v on ω˜. Let ρ(x) ∈ C∞0 (ω) with ρ(x)= 1 in ¯˜ω and ρ(x)= 0 in Ω \ω.
Multiplying the first equation in (6) by λsϕvρ, and integrating over Q, after some
algebra one gets∫
Qω˜
sλϕ|∇v|2 dx dt da  C
∫
Qω
s3λ3ϕ3|v|2 dx dt da.
Observing that
C
(
1
sϕ
|L1v|2 + s3λ4ϕ3v2
)
 |∆v|
2
sϕ
,
C
(
1
sϕ
|L2v|2 + sλ2ϕ|∇v|2
)
 |vt + va |
2
sϕ
, (19)
and keeping in mind that v = esαw, one obtains the desired Carleman estimate (3).
4. Proof of the observability inequality
Let w be a solution to (2). Then, for γ to be defined later on, w˜ = eγ tw satisfies

Dw˜(a, t, x)− (µ(a, t, x)+ γ )w˜(a, t, x)+ k∆w˜(a, t, x)
=−β(a, t, x)w˜(0, t, x), (a, t, x) ∈Q,
w˜(a, t, x)= 0, (a, t, x)∈Σ,
w˜(A, t, x)= 0, (t, x) ∈ (0, T )×Ω,
w˜(a,T , x)= eγ T g(a, x), (a, x) ∈ (0,A)×Ω.
(20)
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Let us multiply the first equation in (20) by w˜, and integrate by parts on Qt =
(0,A)× (0, t)×Ω . Then, one gets
∫
Ω
A∫
0
w˜(a,0, x)2 da dx +
∫
Ω
t∫
0
w˜(0, τ, x)2 dτ dx+γ
∫
Qt
w˜(a, τ, x)2 da dτ dx

∫
Ω
A∫
0
w˜(a, t, x)2 da dx + ‖β‖∞
(
1
ε
∫
Qt
w˜(a, τ, x)2 da dτ dx
+ εA
∫
Ω
t∫
0
w˜(0, τ, x)2 dτ dx
)
. (21)
Thus, for ε < 1/(A‖β‖∞) and γ = ‖β‖∞/ε, one obtains for any δ ∈ (0,A)
∫
Ω
A∫
0
w˜(a,0, x)2 da dx
 C
∫
Ω
δ∫
0
w˜(a, T , x)2 da dx +
∫
Ω
A∫
δ
w˜(a, t, x)2 da dx. (22)
Integrating on (t0, t1)⊂ (0, T ), using the fact that
inf
t∈(t0,t1), a∈(δ,A)
e2sα
a3t3(T − t)3  C, ∀x ∈Ω,
and applying the Carleman estimate (3) to w˜, one has
∫
Ω
A∫
0
w˜(a,0, x)2 da dx C
∫
Ω
δ∫
0
w˜(a, T , x)2 da dx
+C
∫
Qω
e2sα
a3t3(T − t)3 w˜(a, t, x)
2 da dx dt. (23)
To conclude it suffices to observe that e2γ te2sα/(a3t3(T − t)3)  C, for t ∈
(0, T ), a ∈ (0,A), and to go back to the state variable w.
5. Proof of the approximate controllability result
Let us denote by Ap0d the reachable set at time T :
Ap0d =
{
p(a,T , x), for v in L2(Qω) and p solution of (1)
}
.
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To prove approximate controllability it suffices to show
A¯0d = L2
(
(0,A)×Ω),
where A¯0d denotes the closure of A0d in L2((0,A) × Ω). Assume the result
false. There exists a function g, nonidentically zero, belonging to the orthogonal
subspace ofA0d in L2(Ω×(0,A)). Letw be the solution to (2), with w(a,T , x)=
g(a, x). If one multiplies (2) by p, a solution to (1), and integrates by parts, one
obtains
∫
Q
w(0, t, x)β(a, t, x)p(a, t, x) dx dt da
=
∫
Qω
wudx dt da −
∫
Ω×(0,A)
g(a, x)p(a,T , x) dx da
+
∫
Ω×(0,T )
w(0, t, x)p(0, t, x) dx dt. (24)
Then for u=w one gets∫
ω×(0,T )×(0,A)
w2 dx dt da =
∫
Ω×(0,A)
g(a, x)p(a,T , x) dx da = 0. (25)
As a consequence,
w(a, t, x)= 0 on ω× (0, T )× (0,A). (26)
Using the Carleman estimate (3), one deduces that w ≡ 0, and so g ≡ 0. This is
impossible.
6. Proof of the exact controllability result
For any function g in a suitable space H to be defined below, let us introduce
a semi-norm ‖ · ‖H,
‖g‖H =
( T∫
0
A∫
0
∫
ω
w2(a, t, x) dx da dt
)1/2
,
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where w is the solution to

Dw(a, t, x)−µ(a, t, x)w(a, t, x)+ k∆w(a, t, x)
=−β(a, t, x)w(0, t, x), (a, t, x) ∈Q,
w(a, t, x)= 0, (a, t, x) ∈Σ,
w(A, t, x)= 0, (t, x) ∈ (0, T )×Ω,
w(a,T , x)=
{
g(a, x), (a, x) ∈ (δ,A)×Ω ,
0, (a, x) ∈ (0, δ)×Ω .
(27)
Using the Carleman estimate (3), one may actually conclude that ‖ · ‖H is a norm.
Hence, let us define a Hilbert spaceH as the completion of L2(Ω × (δ,A)), with
respect to the norm ‖ · ‖H.
Given p0 ∈ L2(Ω × (0,A)), we define the following quadratic functional
onH:
J (g)= 1
2
‖g‖2H +
∫
Ω×(0,A)
p0w(a,0, x) da dx.
Then, one has
Proposition 6.2. J is a continuous and convex function onH. It satisfies
lim‖g‖H→∞
J (g)
‖g‖H =∞. (28)
Hence, J reaches its minimum value at a unique gˆ ∈H, and
‖gˆ‖H  C‖p0‖L2(Ω×(0,A)). (29)
Proof. By Proposition 2.1, there exists a constant C such that∥∥w(· ,0, ·)∥∥
L2(Ω×(0,A)) C‖g‖H,
for all g ∈H; thus, J is a continuous function. Convexity is straightforward. On
the other hand, from the definition of ‖ · ‖H and Proposition 2.1, one also has
J (g)
‖g‖H 
1
2
‖g‖H −C‖p0‖L2(Ω×(0,A));
then, (28) follows. In order to prove (29), it suffices to observe that
0 J (g) 1
2
‖g‖2H −C‖p0‖L2(Ω×(0,A))‖g‖H;
this implies
‖g‖H  C‖p0‖L2(Ω×(0,A)). ✷
We are now able to state our exact controllability result on Q:
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Theorem 6.3. Let (wˆ,p) be the solution of

Dwˆ(a, t, x)−µ(a, t, x)wˆ(a, t, x)+ k∆wˆ(a, t, x)
=−β(a, t, x)wˆ(0, t, x), (a, t, x) ∈Q,
wˆ(a, t, x)= 0, (a, t, x)∈Σ,
wˆ(A, t, x)= 0, (t, x) ∈ (0, T )×Ω,
wˆ(a,T , x)=
{
gˆ(a, x), (a, x) ∈ (δ,A)×Ω ,
0, (a, x) ∈ (0, δ)×Ω ,
(30)


Dp(a, t, x)+µ(a, t, x)p(a, t, x)− k∆p(a, t, x)
=m(x)wˆ(a, t, x), (a, t, x) ∈Q,
p(a, t, x)= 0, (a, t, x) ∈Σ,
p(0, t, x)= ∫ a†0 β(a, t, x)p(a, t, x) da, (t, x) ∈ (0, T )×Ω,
p(a,0, x)= p0(a, x), (a, x) ∈ (0,A)×Ω.
(31)
Then, we have exact controllability and p(a,T , x)= 0 for (a, x) in (δ,A)×Ω .
Proof. Multiplying (31) by any solution w of (27), and integrating by parts over
Q, one gets that for all g ∈H∫
Qω
wˆw dx dt da = 〈p(a,T , x), g〉
−
∫
Ω×(0,A)
p0(a, x)w(a,0, x) dx da, (32)
wherein 〈· , ·〉 denotes the duality pairing between H and its dual space H′. The
optimality condition of J at gˆ reads
0 =
∫
Qω
wˆw+
∫
Ω×(0,A)
p0w(a,0, x) da dx. (33)
This optimality condition, together with (32), implies〈
p(a,T , x), g
〉= 0,
for all g in H. Thus, p(a,T , x) = 0, a ∈ (δ,A), x ∈ Ω , and the null exact con-
trollability result holds. ✷
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